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Abstract
For an expanding matrix H ∈ Zk×k , a subset W ⊂ Zk is called a complete digit set, if all
points of the integer lattice Zk can be uniquely represented as a ﬁnite sum x =∑N(x)
i=0 Hiri ,
with ri ∈ W and N(x) ∈ N. We present a necessary and sufﬁcient condition for the existence
of a complete digit set in case |det(H)| = 2, implying that W is a binary complete digit set.
This allows a characterization of the binary number systems (H,W) in Zk . It is shown that,
when H has a complete digit set, all its complete digit sets form a ﬁnitely generated Abelian
group. Complete lists are given for dimension k = 1 to 6.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries
Let b be an integer greater than 1, then it is a well-known fact that every natural
number n has a unique representation
n = d0 + d1b + · · · + dlbl,
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where di ∈ {0, . . . , b − 1}, i = 0, . . . , l and l ∈ N. Moreover, if one allows b to be
negative and |b| 2, then every integer n ∈ Z can be written as
n = d0 + d1b + · · · + dlbl,
where di ∈ {0, . . . , |b| − 1}, i = 0, . . . , l and l ∈ N. The set {0, . . . , |b| − 1} is usually
called a digit set, see [14,16] for more details.
There is straightforward manner, invoking expanding maps, to generalize the above
concept of representation for ‘k-dimensional’ integers, i.e. for the elements of the integer
lattice Zk , see [9] for an overview. The generalization even extends to elements of
ﬁnitely generated groups [8].
A matrix H ∈ Zk×k is called expanding if all its eigenvalues have modulus greater
than 1. Note that H induces, via matrix multiplication with column vectors, a map
H : Rk → Rk : x → H(x) = Hx. According to [12], there exists a norm ‖ ‖ on Rn
and a c > 1 such that
‖Hx‖c‖x‖
holds for all x ∈ Rk . This justiﬁes the qualiﬁcation ‘expanding’ for H . From now on,
H ∈ Zk×k will always denote an expanding integer matrix. Since L = H(Zk) ⊂ Zk is
a subgroup of the group Zk , the quotient Zk/L is a ﬁnite group of order m = |det(H)|.
A ﬁnite subset W ⊂ Zk is called a residue set of H if u−v /∈ L for all u, v ∈ W with
u = v, and if for every x ∈ Zk , there exists a u ∈ W such that x−u ∈ L. In particular,
a residue set has cardinality m. If W is a residue set of H , then every x ∈ Zk has a
unique representation
x = H(x) + (x) (1)
with (x) ∈ W and (x) ∈ Zk . Since H is expanding, it follows that the iterates n(x)
eventually stay in a ball of radius R and center 0 ∈ Rn, where R depends on W and
H , see [8,9]. This shows that the sequence (n(x))n∈N becomes eventually periodic
for all x ∈ Zk . Notice that  and  depend on both H and W .
Deﬁnition 1.1. Let H be an expanding matrix. A residue set W of H is called a
complete digit set if 0 is the only periodic point of .
A ﬁrst consequence of W being a complete digit set is that 0 ∈ W , as 0 = H(0)+
(0) with (0) = 0 implies that (0) = 0.
As a second consequence, when W is a complete digit set, an iteration of (1) produces
x = H(x) + r0,
(x) = H2(x) + r1
· · ·
N(x) = HN+1(x) + rn = rn,
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with ri ∈ W and N+1(x) = 0 for some N = N(x). This means that every x ∈ Zk can
be uniquely written as a ﬁnite sum
x =
N∑
i=0
Hiri (2)
yielding the (H,W)-representation rNrN−1 . . . r2r1r0 of x ∈ Zk in the number system
(H,W). Actually, this ﬁnite representability of all points in Zk may be considered as
an alternative deﬁnition for a complete digit set.
(H,W)-representations play a central role in number- or numeration systems [9,7],
see also Chapter 7 in [13], in the construction of certain fractals, e.g., [3], in the
construction of certain Haar bases in wavelet theory [10,11] and in the theory of
automatic sequences [1,2,8] and related topics [4,5].
The characterization of the (H,W)-number systems was mentioned as an open prob-
lem in [9,5]. This paper gives an answer to this problem when |det(H)| = 2, or
equivalently, when W contains two elements, 0 and w, leading to essentially binary
representations in Zk . As it turns out, see Section 3, all (H,W)-tuples that we are
looking for can be obtained from corresponding expanding companion matrices for
which a particular complete digit set exists. Section 5 presents this list for dimensions
1 to 6. But ﬁrst, it will be shown in Section 4 that complete digit sets form a ﬁnitely
generated Abelian group.
At this point we have to caution the reader that the meaning of the term ‘complete
digit set’ varies from author to author. E.g., in [9], (H,W) with W a complete digit
set (in the sense of Deﬁntion 1.1) is called a number system, with W a digit set. In the
terminology of Lagarias and Wang [10], a complete digit set refers to what is called
here a residue set, and a primitive complete digit set associated with H is a set D =
{d1, d2, . . . , dm}, m = |det(H)|, di ∈ Zk , such that Zk = {∑Ni=0 ∑k−1s=1 isH i(dis −d1) |
N ∈ N, is ∈ Z, dis ∈ D}. As in our case Zk = {
∑N
i=0 Hiri | ri ∈ W } (cf. (2)), it is
clear that the complete digit sets under consideration here form a subset of the primitive
(complete) digit sets considered by Lagarias and Wang [10].
2. Elementary results on binary (H,W)-representations
We recall the following concept: Two matrices A, B ∈ Zk×k are called Z-similar
if there exists a P ∈ Gl(k,Z) = {Q ∈ Zk×k | |det(Q)| = 1} such that AP = PB, or
B = PAP−1, see e.g. [15].
The following result is crucial and holds for all expanding matrices:
Theorem 2.1. If H1 and H2 are Z-similar, i.e., H2 = PH1P−1, and if W is a complete
digit set of H1, then PW = {Pr | r ∈ W } is a complete digit set of H2.
Proof. Since W is a complete digit set of H1, every x ∈ Zk can be written as
x =
N∑
i=0
Hi1ri
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with ri ∈ W . Multiplying with P the above equation becomes
Px =
N∑
i=0
PHi1ri
and using the fact that PH1 = H2P this equation transforms into
Px =
N∑
i=0
Hi2Pri.
Since P ∈ Gl(k,Z), one has that P : Zk → Zk is bijective and therefore every
y = Px ∈ Zk has a unique representation
y =
N∑
i=0
Hi2Pri.
This proves the assertion. 
The next lemma provides a neccessary criterion for the existence of a complete
digit set for an expanding H with |det(H)| = 2. To this end we introduce the set
{0, 1}[H ] which consists of all polynomials in H with coefﬁcients equal to 0 or 1. For
a polynomial p(H) of degree N in {0, 1}[H ] we set, for x ∈ Zk ,
p(H)x =
N∑
i=0
iH
ix,
where i ∈ {0, 1}. Using these polynomials, the characterization of a complete digit
set as allowing an (H,W)-representation for all points in Zk can be reformulated as
follows:
Lemma 2.2. Let H be expanding and |det(H)| = 2. The set {0, w} is a complete digit
set if and only
Zk = {p(H)w | p(H) ∈ {0, 1}[H ]}.
Let H (x) = xk + ak−1xk−1 + · · · + a0 be the characteristic polynomial of H . Due
to the Theorem of Cayley–Hamilton one has H (H) = 0 and therefore
Hk = −ak−1Hk−1 − ak−2Hk−2 − · · · − a0.
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This implies that the quotient {0, 1}[H ]/H is a subset of the ring
Z[H ]/H =
{
k−1∑
i=0
iH
i | i ∈ Z, i = 0, . . . , k − 1
}
.
Theorem 2.3. The set {0, w} is a complete digit set of H if and only if (a) {0, 1}[H ]/H
= Z[H ]/H and (b)
(Z[H ]/H )w =
{
k−1∑
i=0
iH
iw | i ∈ Z, i = 0, . . . , k − 1
}
= Zk. (3)
Proof. Suppose that {0, w} is a complete digit set, then one has ({0, 1}[H ]/H )w = Zk .
Therefore Zk = ({0, 1}[H ]/H )w ⊆ (Z[H ]/H )w ⊆ Zk which proves assertion (b).
Let M be the matrix formed by the colomn vectors Hiw, i = 0, . . . , k − 1, i.e.,
M = [w Hw H 2w · · · Hk−1w].
Then M deﬁnes, via (0, . . . , k−1)T → M(0, . . . , k−1)T a map from Zk to Zk
(T means transpose). Identifying the elements of Z[H ]/H = {
∑k−1
i=0 iH i | i ∈ Z,
i = 0, . . . , k − 1} with (0, . . . , k−1)T ∈ Zk , and thus Z[H ]/H with Zk , we can
write (3) as
(Z[H ]/H )w = {My | y ∈ Z[H ]/H } = Zk
and also
({0, 1}[H ]/H )w = {Mz | z ∈ {0, 1}[H ]/H }.
Above, we already found that ({0, 1}[H ]/H )w = Zk , and thus {Mz | z ∈ {0, 1}[H ]/H }
= Zk . But this is only possible if |det(M)| = 1 and if {0, 1}[H ]/H = Zk , implying
that {0, 1}[H ]/H = Z[H ]/H , which proves (a).
Let us now assume that conditions (a) and (b) are true. Then one concludes that
{0, 1}[H ]w = ({0, 1}[H ]/H )w = (Z[H ]/H )w = Zk,
i.e., {0, w} is a complete digit set of H . 
As an important consequence of the above proof we note
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Corollary 2.4. Let H be expanding and |det(H)| = 2. If the set {0, w} is a complete
digit set, then ∣∣∣det([w Hw · · ·Hk−1w])∣∣∣ = 1. (4)
In other words, when an expanding matrix H with |det(H)| = 2 is given, the
candidates w for a complete digit set {0, w} are the solutions of the Diophantine
equation represented by (4). Not all w satisfying (4) form a complete digit set, as this
condition does not always imply condition (a) in Theorem 2.3.
Remark 2.1. If W = {0, w} is a residue set such that ∣∣det([w Hw · · ·Hk−1w])∣∣ = 1
then it is a so-called primitive complete digit set in [10] (see the Introduction above
where this concept was brieﬂy mentioned, and the proof of Theorem 4.1 in [10]).
The above corollary also allows us to relate two complete digit sets {0, w} and {0, v}
of H .
Lemma 2.5. If {0, w} and {0, v} are complete digit sets of H , then there exists a
U ∈ Gl(k,Z) such that w = Uv and UH = HU .
If {0, v} is a complete digit set and U ∈ Gl(k,Z) satisﬁes UH = HU , then {0, Uv}
is also a complete digit set.
Proof. As {0, v} is a complete digit set, the (H, {0, v})-representation of w can be
expressed as w = p(H)v, with p(H) ∈ {0, 1}[H ]. Since
∣∣∣det([w Hw · · ·Hk−1w])∣∣∣ = 1,
it follows that
1 =
∣∣∣det([p(H)v Hp(H)v · · ·Hk−1p(H)v])∣∣∣
=
∣∣∣det([p(H)v p(H)Hv . . . p(H)Hk−1v])∣∣∣ ,
the last equality since p(H)H = Hp(H). The above equation is equal to
1 = |det(p(H))|
∣∣∣det([v Hv · · ·Hk−1v])∣∣∣ .
Since {0, v} is a complete digit set, it follows that ∣∣det([v Hv · · ·Hk−1v])∣∣ = 1, imply-
ing that |det(p(H))| = 1. This shows that U = p(H) satisﬁes the stated requirements.
The second assertion is obvious from the above. 
It follows that, if {0, v} is a complete digit set of H , all other complete digit sets
of H can be obtained as {0, Uv}, where U = ∑k−1i=0 iH i , i ∈ Z (or U ∈ Z[H ]/H ),
20 A. Barbé, F. von Haeseler / Journal of Number Theory 117 (2006) 14–30
satisfying | det(U)| = 1. In Section 4, it will be shown that the set of complete digit
sets forms a ﬁnitely generated Abelian group.
3. The expanding H -matrices (|det(H)| = 2) that have a complete digit set
In this section, we show that the existence of a complete digit set for H depends on
the existence of a special digit set for the companion matrix CH of the characteristic
polynomial H (x) = xk + ak−1xk−1 + · · · + a0. The companion matrix is deﬁned as
CH =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 · · · 0 −a0
1 0 0 · · · 0 −a1
0 1 0 · · · 0 −a2
...
...
...
...
...
...
0 0 0 · · · 0 −ak−2
0 0 0 · · · 1 −ak−1
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (5)
The existence of a complete digit set for the companion matrix CH is a necessity for
the existence of a complete digit set of H . We start with a corollary to Theorem 2.3.
Corollary 3.1. If all entries of the last column of CH are nonnegative, then CH has
no complete digit set.
Proof. If all entries are nonnegative, then
CkH = −ak−1Ck−1 − ak−2Ck−2H − · · · − a00.
By Theorem 2.3, a necessary condition for CH to have a complete digit set is
{0, 1}[CH ]/H = Z[H ]/H .
But in the case under consideration, one only has
{0, 1}[CH ]/H ⊆ N[H ]/H .
This proves the theorem. 
Theorem 3.2. Let H be expanding and |det(H)| = 2. If H has a complete digit set,
then the set {0, e1}, where e1 = (1, 0, . . . , 0)T , is a complete digit set for CH .
Proof. Let {0, w} be a complete digit set of H . Theorem 2.3 implies that {0, 1}[H ]/H
= Z[H ]/H . As in the proof of Theorem 2.3, we identify Zk (as colomn vectors) with
Z[H ]/H . Then the multiplication by H in Z[H ]/H correponds with the map x →
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CHx in Zk . Note further that the addition x + e1 corresponds to the addition of the
k × k-unit matrix I to elements of Z[H ]/H .
Let (g0, . . . , gk−1)T ∈ Zk . Due to our assumption it follows that G = ∑k−1i=0 giH i
is an element of {0, 1}[H ]/H . This yields the existence of N ∈ N and i ∈ {0, 1},
i = 0, . . . , N such that
G =
N∑
i=0
iH
i =
N∑
i=0
Hi(iI ) = 0I + H(1I + H(2I + · · ·)).
Using the above identiﬁcations we obtain a representation of the form
(g0, . . . , gk−1)T =
N∑
i=0
CiH ie1.
This shows that {0, e1} is a complete digit set of CH . 
Is the converse of Theorem 3.2 also true? Theorems 2.1 and 3.2 already imply the
following partial answer to this question:
Lemma 3.3. Let H be an expanding matrix with |det(H)| = 2. If H is Z-similar to
CH and CH has {0, e1} as complete digit set, then H has a complete digit set.
The next ultimate theorem strengthens this lemma by adding its converse.
Theorem 3.4. Let H be expanding and |det(H)| = 2. Then H has a complete digit
set if and only if H is Z-similar to CH and CH has the complete digit set {0, e1}.
Proof. As the ‘if’-part is already present in Lemma 3.3, it remains only to prove the
‘only if’-part. Suppose that H has a complete digit set {0, w}. Then by Theorem 3.2,
the matrix CH has the complete digit set {0, e1}. Furthermore, by Corollary 2.4, it
follows that
∣∣det([w Hw · · ·Hk−1w])∣∣ = 1.
In order to show that H is Z-similar to CH one needs the Latimer–MacDuffee
Theorem, see [6,15]. This theorem establishes a one-to-one correspondence between
the Z-similarity classes of matrices and the ideal classes of a ring. In particular, let
f (x) ∈ Z[x] be an irreducible monic polynomial of degree k. Then there exists a
one-to-one correspondence between the Z-similarity classes of matrices A ∈ Zk×k with
characteristic polynomial f (x) and the ideal classes in Z[]/f (x), where  is a root
of f .
In the case at hand, the fact that H is expanding and that |det(H)| = 2 implies that
H (x) is monic and irreducible. Now an inspection of the proof of Theorem 4.1 in
[10] reveals that
∣∣det([w Hw · · ·Hk−1w])∣∣ = 1 implies that HT is Z-similar to CH ,
which itself is Z-similar to CTH , e.g., [17]. This shows that H is Z-similar to CH . 
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This leads to the conclusion that all expanding H with | det(H)| = 2 that have a
complete digit set are formed by the Z-similarity classes of the expanding companion
matrices CH that have {0, e1} as complete digit set. It is computationally feasible to
determine all these CH for dimensions k that are not too large, and we will do so
explicitly for dimensions k = 1 to 6.
First, observe that the number of expanding companion matrices is ﬁnite (we only
have to consider the set of companion matrices satisfying |ai |
(
k
i
)
2i , i = 1, . . . , k−1,
see [10]).
Then deciding for these CH whether they have {0, e1} as a complete digit set is also
feasible for not too large dimensions. As already mentioned in the Introduction, there
exists an R > 0 such that all (possible) periodic points of the map  (which depends
on CH and {0, e1}) are lying in a ball of radius R = ‖e1‖/(c−1) (norm given by Lind
[12]) and center zero, where c is the expansion ratio which can be taken as the minimal
modulus of the eigenvalues of CH (see e.g., [8,9]). For the ﬁnitely many points x in
this ball, one simply investigates whether the sequence (n(x))n∈N terminates in 0 or
not.
The list in Section 5 presents all expanding matrices CH with complete digit set
{0, e1} for k = 1 to 6.
Remark 3.1. (1) The Z-similarity of two matrices A, B ∈ Zk×k with the same char-
acteristic polynomial A is closely related to the class number of the ring Z[]/A,
see [15, Section 3.6], or [6]. In particular, if the class number of Z[] is equal to one,
then the two matrices A, B are Z-similar.
(2) In [11], the authors report on A. Potiopa’s master’s thesis, in which he investi-
gated the expanding matrices H with |det(H)| = 2 and with the same characteristic
polynomial of degree (dimension) k = 2, . . . , 6. Under these conditions, one has
for k = 2, 3, 5: all H with the same characteristic polynomial are Z-similar.
for k = 4: all H with the same characteristic polynomial are Z-similar, except when
H (x) = x4 + x2 + 2. (6)
In this case, there is an expanding matrix
A =
⎛
⎜⎜⎝
0 1 0 0
0 0 1 0
0 0 −1 2
−1 0 −1 1
⎞
⎟⎟⎠ (7)
with this characteristic equation, but which is not Z-similar to CH . We know from
Theorem 3.4 that A has no complete digit set.
for k = 6: all H with the same characteristic polynomial are Z-similar, except when
it is equal to one of the following four:
(a) x6 − x4 − x2 + 2, (b) x6 + x3 + x2 − x + 2,
(c) x6 + x4 + 2, (d) x6 + x5 + x4 + 2x3 + x2 + x + 2. (8)
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4. The group structure of the set of complete digit sets
In this section we will show that the set of complete digit sets of H (with |det(H)| =
2) can be viewed as a subgroup of the group of units in the algebraic integers of the
quotient ﬁeld Q[], where  is a root of H .
We ﬁrst remind the reader of some facts from algebra, see [6]. Let H be a char-
acteristic polynomial of an expanding H , |det(H)| = 2, with  a root of H . The ring
Z[]/H is a subring of the set of algebraic integers in the quotient ﬁeld Q[]. There
exists a norm N on Q[] which can be computed as
N() =
∣∣∣det (0I + 1CH + · · · + k−1Ck−1H )∣∣∣ (9)
for  = 0 + 1 + · · · + k−1k−1 ∈ Q[], with I an appropriate unit matrix. A unit
in Q[] is an element  with N() = 1. This concept will be used in Theorem 4.2.
Before doing so, we state a rather technical lemma.
Lemma 4.1. Let CH be a k×k companion matrix, see (5). For w = (w0, . . . , wk−1)T ∈
Zk one has
[w CHw C2Hw · · ·Ck−1H w] = w0I + w1CH + · · · + wk−1Ck−1H . (10)
Proof. We only sketch the proof. First one observes that
CsH =
(
0 ∗
Ik−s ∗
)
, C−sH =
( ∗ Ik−s
∗ 0
)
,
where Ij is the identity matrix of size j , holds for s = 1, . . . , k − 1. In order to prove
the above equality (10), one compares the columns of the two matrices expressed at
both sides of the equality sign. Due to the structure of the powers of CH one sees that
the ﬁrst columns coincide. In order to compare the second column one compares the
second column of
C−1H [w CHw · · ·Ck−1H w] = C−1H (w0I + w1CH + · · · + wk−1Ck−1H ).
Again, due to the structure of the powers of CH one sees that the second columns
coincide. Multiplication with C−2H allows a comparison of the third column. Continuing
in this manner ﬁnishes the proof. 
Theorem 4.2. Let {0, e1} be a complete digit set of CH . The ring element  = 0 +
1 + · · · + k−1k−1 of Z[]/CH is a unit if and only if the set {0, w} with w =
(0, . . . , k−1) is a complete digit set of CH .
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Proof. If  = 0 + 1 + · · · + k−1k−1 ∈ Q[] is a unit, then (cf. (9))
N() =
∣∣∣det(0 + 1CH + · · · + k−1Ck−1H )∣∣∣ = 1. (11)
But, with w = (0, . . . , k−1)T , and using relationship (10) from Lemma 4.1, this is
equivalent to
∣∣∣det([w CHw C2Hw · · ·Ck−1H w])∣∣∣ = 1.
By Corollary 2.4, the last equality implies that the set {0, w} is a candidate for a
complete digit set. Since {0, e1} is a complete digit set, w can be represented in
(CH , {0, e1}). I.e., there exists p(CH ) ∈ {0, 1}[CH ] such that
w = p(CH )e1.
Now p(CH ) = 0 + 1CH + · · · + k−1Ck−1H in the ring Z[CH ]/CH . From (11) it
follows that |det(p(CH ))| = 1, i.e., p(CH ) ∈ Gl(k,Z) and, by Lemma 2.5, it follows
that {0, w} is a complete digit set.
If {0, w} is a complete digit set, then, by Lemma 2.5, there exists U = p(CH ) ∈
Gl(k,Z) such that w = Ue1 and CHU = UCH . This shows that p(CH ) ∈ Z[CH ]/CH
is a unit of Z[CH ]/CH , or equivalently, that the corresponding  is a unit of
Z[]/CH . 
Theorem 4.2 now leads to the following compact description of complete digit sets:
Corollary 4.3. Let {0, e1} be a complete digit set of CH . The set of complete digit sets
for CH form a group that is isomorphic to T × Zr , where T is a ﬁnite cyclic Abelian
group.
Proof. This is a consequence of the fact that the units of the ring Z[]/CH form a
subgroup of the units in Q[], which allows Dirichlet’s Unit Theorem (e.g., [6]) to be
invoked. This theorem says that the group of units in Q[] is isomorphic to a group
T × Z, where T is a ﬁnite cyclic Abelian group, the torsion group of the units. The
number  is called the Dirichlet rank and is equal to  = r1 + r2 − 1, where r1 is
the number of real roots of H and r2 half the number of complex roots of H . Thus
the set of units of Z[]/CH , being a subgroup of Q[], is also described as a product
T × Zr of a ﬁnite cyclic group and a free Abelian part, with T ⊆ T and r. Note
that T consists of the units in Z[]/CH that lie on the unit circle. 
Remark 4.1. Theorem 4.2 also allows another characterization of Lagarias’ and Wang’s
primitive complete digit sets (in the language of [10]) for expanding matrices CH with
determinant equal to ±2 (not restricted by the condition that CH should have {0, e1}
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as complete digit set in our sense). These are the units of Z[]/CH . Also they form
a group which is isomorphic to T × Zr .
5. The list of expanding matrices CH with complete digit sets up to dimension
k = 6
The matrices CH in the tables that follow are given by their last column CH , see
(5), written in the order −a0 −a1 · · ·−ak−1. I denotes the unit matrix of appropriate
size. Observe that in these tables, conform to Corollary 3.1, these entries are never all
nonnegative.
The list also comprises the group theoretic description of the set of complete digit
sets. According to Theorem 4.2, the elements of the group are written as the k × k-
matrices
G = p(CH ) = 0I + 1CH + 2C2H + · · · + k−1Ck−1H ∈ Z[CH ]/CH (12)
that satisfy | det(G)| = 1, and where w = (0, 1, . . . , k−1)T is the nonzero digit of
the corresponding complete digit set {0, w}. Observe that w corresponds to the ﬁrst
column in G. The group operation is matrix multiplication. The matrix T in the tables
below provides the generator for the torsion group, while the Gi , i = 1, . . . , r , provide
the generators for the free Abelian part. These generators were found by inspection of
solutions of the Diophantine equation | det(G)| = 1 in the variables i , with G given
by (12).
Case k = 1: There exist two expanding maps, namely x → 2x or x → −2x. Only
the last one, x → −2x has a complete digit set. The set of complete digit sets for this
case is {{0, 1}, {0,−1}}, corresponding to the units 1 and −1 in Z.
Case k = 2: If det(H) = −2 then there exists only one expanding companion matrix;
its last column is (−2 0)T . However, this matrix does not have {0, e1} as complete
digit set, and hence no complete digit set at all.
If det(H) = 2, there exist 5 expanding matrices CH , and 4 of them have complete
digit sets. The corresponding characteristic polynomials all have two complex roots
(r1 = 0, r2 = 1), and so the Dirichlet rank is 0. This means that the group of complete
digit sets has only a torsion part, implying that the number of complete digit sets is
ﬁnite.
CH T
−2 −2 I + CH
−2 −1 −I
−2 0 −I
−2 1 −I
For the ﬁrst CH in this table, with T = (I + CH) =
(
1
1
−2
−1
)
, the nonzero digit of
all complete digit sets for CH are given by the ﬁrst columns of T , T 2, T 3, T 4 = I ,
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yielding w = (1 1)T , (−1 0)T , (−1 − 1)T , (1 0)T respectively. For the last three
CH in the table, the complete digit sets are {0, (−1 0)T } and {0, (1 0)T }.
Case k = 3: If det(H) = 2, there exist 7 expanding matrices CH , none of which
has {0, e1} as complete digit set.
If det(H) = −2, then there exist 7 expanding matrices CH and 4 of them have
the complete digit set {0, e1}. The corresponding characteristic polynomials all have
one real and two complex roots (r1 = 1 and r2 = 1), which gives Dirichlet rank 1.
Thus one generator G1 is needed for describing the free Abelian part of the group of
complete digit sets.
CH T G1
−2 −1 −1 −I I + CH
−2 0 0 −I I + CH
−2 0 −1 −I I − CH + C2H
−2 −2 −2 −I I + CH
It means that the nonzero digits of all complete digit sets for the CH in this table can
be found as the ﬁrst columns in the corresponding set of matrices {Gs1,−Gs1|s ∈ Z}.
Case k = 4: If det(H) = −2, there exist 7 expanding matrices CH , none of which
has {0, e1} as complete digit set.
If det(H) = 2, there exist 19 expanding matrices CH , 12 of which have a complete
digit set. Their characteristic polynomials all have four complex roots (r1 = 0 and
r2 = 2), which gives Dirichlet rank 1. Thus one generator G1 is needed.
CH T G1
−2 −3 −3 −2 −I I + CH + C2H
−2 −2 −2 −2 −I I + CH
−2 −2 −2 −1 −I I + CH + C2H
−2 −1 −2 −1 −I I + C2H
−2 −2 −1 −1 −I I + CH
−2 −1 −1 −1 −I I − CH + C2H
−2 −1 0 −1 −I I + CH
−2 0 −2 0 I + C2H I + CH + C2H
∗ − 2 0 −1 0 −I I + CH + C2H
−2 0 0 0 −I I − C2H + C3H
−2 1 0 0 −I I − C2H + C3H
−2 0 1 0 −I I − C2H + C3H
For the cases where T = −I , the nonzero digits are given by the ﬁrst columns of the
matrices in {Gs1,−Gs1 | s ∈ Z}. For the case where T = I + C2H , the ﬁrst columns of
the matrices in the set {Gs1, T Gs1,−Gs1,−TGs1 | s ∈ Z} have to be considered (observe
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that T 2 = −I ). The ∗-marked case has the characteristic polynomial displayed in
Remark 3.1, Eq. (6), and is a case for which there is a matrix A (cf. (7)) that is not
Z-similar to this CH . According to Theorem 3.2, this A-matrix, and all matrices that
are Z-similar to A have no complete digit set.
Case k = 5: If det(H) = 2, there exist 29 expanding matrices CH , none of which
has a complete digit set.
If det(H) = −2, there exist 29 expanding matrices CH , 7 of which have the com-
plete digit set {0, e1}. Since their characteristic polynomials all have one real and four
complex roots (r1 = 1 and r2 = 2) it follows that the Dirichlet rank is 2, and we have
two generators G1 and G2 for the free Abelian part.
CH T G1 G2
−2 −2 −2 −2 −2 −I I + C2H + C3H I + CH
−2 −1 −1 −1 −1 −I I + C3H I + CH
−2 −1 0 0 −1 −I I + CH + C2H I + CH
−2 0 −1 −1 0 −I I + C2H I + CH
−2 0 0 0 0 −I I − CH − C3H I + CH
−2 1 −1 0 0 −I I − 2CH − C4H I + C2H
−2 1 0 0 0 −I I − CH + C2H − C3H + C4H I − CH + C3H
It follows that, for each CH in this table, the nonzero digits of all complete digit sets
can be obtained as the ﬁrst column in the matrices {Gs1Gj2,−Gs1Gj2 | s, j ∈ Z}.
Case k = 6: If det(H) = −2, there exist 23 expansive matrices CH , none of which
has a complete digit set.
If det(H) = 2, there exist 105 expanding matrices CH , 25 of which have the complete
digit set {0, e1}. Their characteristic polynomials all have six complex roots, i.e. r1 = 0
and r2 = 3, and it follows that the Dirichlet rank is 2, meaning that there are two
generators G1 and G2 for the free Abelian part.
CH T G1 G2
−2 −3 −4 −4 −3 −2 −I I + C2H I + CH
−2 −3 −3 −3 −3 −2 −I I + CH + C2H I + CH
−2 −2 −3 −2 −2 −1 −I I + CH + C2H I + C2H
−2 −2 −2 −2 −2 −2 −I I + CH + C2H I + CH
−2 −2 −2 −2 −2 −1 −I I + CH + C2H + C3H + C4H
I + 2CH
+C2H + C3H
−2 −2 −2 −2 −1 −1 −I I + C2H I + CH
−2 −2 −2 −1 −1 −1 −I I + C3H + C4H I + CH + C2H
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−2 −2 −1 −1 −1 −1 −I I − CH − C3H I + CH
−2 −1 −2 −1 −2 −1 −I I − CH − C3H I + CH + C2H
∗ − 2 −1 −1 −2 −1 −1 −I I + C3H I + C2H
−2 −1 −1 −1 −1 −1 −I I + C3H + C4H I + C2H + C5H
−2 −1 −1 0 −1 −1 −I I + C4H I − C2H − C3H
−2 −1 0 0 0 −1 −I I + CH − C4H I + CH
−2 −1 0 1 0 −1 −I I + C3H + C4H I + CH + C2H
−2 −1 1 1 0 −1 −I I − C2H + C4H I + CH
−2 0 −2 0 −2 0 −I I − CH + C2H I + C2H
−2 0 −1 −1 −1 0 −I I − C3H − C5H I − CH + C2H
−2 0 −1 0 −1 0 −I I − C2H − C3H I + C2H
−2 0 −1 1 −1 0 −I I + C3H + C5H I + CH + C2H
−2 0 0 −2 0 0 I + C3H I + C2H + C5H I − CH + C2H
−2 0 0 −1 0 0 −I I − CH − C2H + C3H − C5H I − C2H + C3H
−2 0 0 0 0 0 −I I + CH + C2H − C4H − C5H I + C2H
−2 0 0 1 0 0 −I I + CH − C2H − C3H + C5H I − C2H − C3H
−2 0 1 0 0 0 −I I + C3H − C5H I − C2H + C4H
−2 1 0 0 0 0 −I I + C3H + C4H I − C2H + C4H
For the cases where T = −I , the nonzero digits in the complete digit sets are given
by the ﬁrst columns of the matrices in {Gs1Gj2,−Gs1Gj2 | s, j ∈ Z}. For the case where
T = I + C3H , the ﬁrst columns of the set {Gs1Gj2, T Gs1Gj2,−Gs1Gj2,−TGs1Gj2 | s ∈ Z}
have to be considered (observe that T 2 = −I ). The ∗-marked case has the characteristic
polynomial displayed in Remark 3.1, Eq. (8(d)). It is a case for which there are three
Z-similarity classes of matrices [11] with the very same characteristic polynomial as
CH . By Theorem 3.2, the matrices in the two classes which differ from the CH -class
have no complete digit set.
Recall that all other binary (H, V = {0, v})-number systems for Zk are Z-similar
to the (CH ,W = {0, w}) that are obtained from the tables above, i.e., (H, V ) ∈
{(PCHP−1,PW) | P ∈ Gl(k,Z)} ( cf. Theorems 3.4 and 2.1). The above list also
suggests the following conjectures.
Conjecture 5.1. Let H be an expanding k × k-matrix with |det(H)| = 2. H has a
complete digit set if and only if det(H) = 2 and k is even, or det(H) = −2 and k is
odd.
The above conjecture is supported by the fact that if the last column of CH is equal
to (−2, 0, . . . , 0)T , implying that det(CH ) = (−1)k2, then CH has the complete digit
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set {0, e1}. This follows from the following formula
⎛
⎜⎜⎜⎝
x1
x2
...
xk
⎞
⎟⎟⎟⎠ = CH
⎛
⎜⎜⎜⎝
x2
...
xk
(x1)
⎞
⎟⎟⎟⎠+ e1,
where  ∈ {0, 1} and  : Z → Z is the map associated to x → −2x and the complete
digit set {0, 1}.
On the other hand, if the last column of CH is equal to (2, 0, . . . , 0)T then CH has
no complete digit set (as the vector (−1,−1, . . . ,−1)T is always a ﬁxed point of the
associated  : Zk → Zk).
Conjecture 5.2. There always exists a complete digit set for the CH that have (−2,−2,
. . . ,−2)T as last column.
Conjecture 5.3. Let CH with | det(CH )| = 2 have a complete digit set. Then
(a) The number r appearing in T ×Zr in Corollary 4.3 equals the Dirichlet rank 
of the units in Q[].
(b) If the dimension k is even, then the Dirichlet rank is k/2 − 1, i.e., CH has no
real roots. If k is odd, then the Dirichlet rank is (k−1)/2, i.e., CH has one real root.
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